We present a systematic way of derivation of the algebraic curves of separation of variables for the classical Kovalevskaya top and its generalizations, starting from the spectral curve of the corresponding Lax representation found by Reyman and Semonov-Tian-Shansky. In particular, we show how the known Kovalevskaya curve of separation can be obtained, by a simple one-step transformation, from the spectral curve.
Introduction
The famous Kovalevskaya integrable case of heavy rigid body dynamics in R 3 has various nontrivial integrable generalizations. One of the most interesting ones is the motion of the Kovalevskaya gyrostat in one or two constant force fields (e.g., gravitational and electric) described in [34, 39, 10] . The systems are Hamiltonian on the cotangent bundle T * SO (3) and, as was shown in [10, 39] , their generic invariant manifolds are 3-dimensional tori.
In the present paper we consider only the cases of the presence of SO(2)-symmetries, which allow reductions to systems with two degrees of freedom with 2-dimensional generic invariant tori. (The nature of the symmetries will be explained in Section 2.) This occurs in two situations: the linearization itself).
Equations of motion, spectral curves, and curves of separation
In this section we reproduce some important known results on the dynamics and complex geometry of the Kovalevskaya gyrostat. Using, for convenience, the notation of [10] , consider the motion of an axisymetric rigid body in R 3 with angular velocity vector ω = (ω 1 , ω 2 , ω 3 ) about a fixed point in presence of constant force fields g, h ∈ R 3 of different nature (e.g., gravitational and electric), which are not parallel. Let 
where l = (l 1 , l 2 , l 3 ) is the total angular momentum and [·, ·] denotes the vector product.
Assume that the body carries a rotator with a fixed axis, then l, ω are related as ω = J l + κ, where J −1 is the inertia tensor of the body (with the rotator) and κ is related to the corresponding constant gyrostatic momentum.
The phase space of the system is the cotangent bundle T * SO (3) , and the components of g, h stand for redundant coordinates on SO(3). Equivalently, the phase space can be regarded as dual to the Lie algebra so(3, 2) = so(3) + R 3 + R 3 , the semi-direct product of so(3) and R 3 × R 3 with the corresponding Lie-Poisson structure. Then the system (1) is Hamiltonian with the Hamilton function H = 1 2 J l, l + κ, l − g, c 1 − h, c 2 , which is the total conserved energy. Also, the intensities |g| 2 , |h| 2 and the product g, h are trivial integrals of the system (1). They are Casimir functions of the Lie-Poisson bracket of so * (3, 2) , and fixing generic values of the functions one obtains a 6-dimensional coadjoint orbit in the coalgebra. Assuming now J = diag(1, 1, 2), c 1 = (1, 0, 0), c 2 = (0, 1, 0), and κ = (0, 0, γ) (the axes of symmetry of the body and of the rotator are parallel), we obtain the configuration of the Kovalevskaya gyrostat with the corresponding Hamiltonian
For this case of equations (1), in [10] Bobenko, Reyman, and Semenov-Tyan-Shansky presented a 4×4 matrix Lax representationL(λ) = [L(λ), A(λ)] with a spectral parameter λ ∈ P and 
(we do not reproduce A(λ) here) with the spectral curve S : |L(λ) − µI| = 0 of the form µ 4 − 2d 1 (λ 2 )µ 2 + d 2 (λ 2 ) = 0, where d 1 (λ 2 ), d 2 (λ 2 ) are Laurent polynomials. Apart from the Hamiltonian H and the trivial integrals, the coefficients of S involve two other independent integrals I 1 = I 1 (l, g, h), I 2 = I 2 (l, g, h) given by expressions (1.9), (1.10) in [10] , and all of them were shown to commute. As a result, the Kovalevskaya gyrostat (1), (2) is completely integrable, and its generic real invariant varieties are 3-dimensional tori. Next, the complex flow of the system was shown to be linear on the Jacobian variety of S. The latter has an obvious involution τ 1 : (λ, µ) → (−λ, µ), so it is a 2-fold covering of the quotient curve
of maximal genus 4. It follows that the Jacobian variety of S, Jac(S) contains Jac(C) as an Abelian subvariety. As was shown in [10] , the flow is confined to the subtorus Jac(C) ⊂ Jac(S). For this reason, it is sufficient to study only the properties of C, which will be called the quotient spectral curve.
The cases of reduction and the corresponding spectral curves. As was first shown in [11, 39] , when the force fields are orthogonal of equal intensities, that is, |g| = |h| = a, g, h = 0, the system possesses an additional SO(2)-symmetry group consisting of simultaneous rotations about the symmetry axis of the gyrostat and the fixed in space vector [g, h] . The group action is described by the Hamiltonian
which is a conserved quantity.
be the rotation matrix of the gyrostat. Following [11, 21] , the action of SO(2) on T * SO(3) is generated by conjugations
As was shown in [11, 12] , in the quaternion realization of the group SO(3) as the factor of S 3 = {λ 2 0 + λ 2 1 + λ 2 2 + λ 2 3 = 1} by Z 2 , the SO(2)-symmetry acts as the rotation in the 2-plane (λ 1 , λ 2 ), then the quotient variety SO(3)/SO(2) is the until sphere S 2 = {λ 2 0 + λ 2 3 + s 2 = 1} with s = λ 2 1 + λ 2 2 . For any constant c ∈ R, the level variety F −1 2 (c) ∈ T * SO(3) is 5-dimensional, and the quotient space F −1 2 (c)/SO(2) is isomorphic to a globally nontrivial fiber bundle T S 2 . Following [11] , the system (1), (2) admits a Hamiltonian reduction onto T S 2 endowed with the standard symplectic structure of T * S 2 plus a singular magnetic term. The reduced gyrostat in 2 fields possesses two independent commuting integrals, which are reductions of H, I 2 (or I 1 , I 2 ), and is linearized on 2-dimensional invariant tori.
In the sequel we will set |g| = |h| = 1, then the integrals I 1 , I 2 read where now I 1 = F 2 1 = l, g 2 , and I 2 is obtained from (7) by setting h = 0. Under the same birational transformation z = 1/x, µ = y/x the curve C 1 can be written in the form
The factor of C 1 by the involution σ : (x, y) → (x, −y) is the elliptic curve
and again, generally (also for γ = 0), genus(C 1 ) = 3. Note that, in contrast to C 2 , the curve C 1 is not hyperelliptic, even for γ = 0.
In both considered cases the involution σ on C extends to its Jacobian. Thus the latter contains two Abelian subvarieties: the elliptic curve E = E 1 or E 2 itself and the 2-dimensional Prym variety, Prym(C/E), which is anti-symmetric with respect to the extended involution, whereas E is invariant. Equivalently, following [32] , Prym(C/E) = ker (1 + σ).
Using the approach of vector Baker-Akhiezer functions, the authors of [10] linearized the complex flow of the reduced gyrostat in one field on the subvariety Prym(C 1 /E 1 ) ⊂ Jac(C 1 ) and proved that, for γ = 0 and F 1 = 0, the generic 2-dimensional complex invariant manifold I of the system, the common level surface of the integrals H, F 1 , I 2 , g, g , is an open subset of the Prym subvariety.
It is known (see [16] and Section 3 below) that this variety has polarization (1,2), so it cannot be the Jacobian of a genus 2 curve which can be used for a separation of variables of the system.
One can compare this result with the famous Kovalevskaya reduction of the problem to hyperelliptic quadratures 1
where the pairs (s 1 , w 1 ), (s 2 , w 2 ) are coordinates of two points on the genus 2 Kovalevskaya's separation curve:
The integral form of the quadratures defines the Abel-Jacobi map Sym 2 K → Jac(K), which suggests that the complex invariant tori I of the system and Jac(K) must be algebraically related. This relation was first described in [19, 3] : LetÎ be a compactification of I converting it to an Abelian torus, thenÎ is an 8-fold unramified covering on Jac(K). Equivalently, if we replace Jac(K) by its 16-fold covering, obtained by doubling all the 4 period vectors (both Abelian tori are conformally equivalent), then Jac(K) can be regarded as a 2-fold unramified covering ofÎ.
Note that the detailed algebraic geometric analysis of [19, 3] did not involve neither the Lax pair, nor the quotient spectral curve C 1 in (11), but a pencil of genus 3 curves covering elliptic curves and leading to the same Prym variety, which was identified with the manifoldÎ. Remark 1. As was noticed in [10] , for the case of zero area integral (I 1 = 0) the quotient spectral curve C 1 of the Kovalevskaya top (the gyrostatic component γ is zero) is singular, and its regularization is a genus 2 curve C 10 with hyperelliptic form 2
which can be obtained from (12) by the birational change of coordinates
In Section 7.6 of [10] it was also claimed that in this case Prym(C 1 /E 1 ) coincides with Jac(C 10 ) and that the complex invariant manifold I is an open subset of a 2-fold unramified covering of Jac(C 10 ). In fact, a careful analysis based on the procedure described in [8] shows that Prym(C 1 /E 1 ) can be recovered as an Abelian subvariety of the 3-dimensional generalized Jacobian of the singular curve C 1 , which is an extension of Jac(C 10 ) by C * . Then Prym(C 1 /E 1 ) appears as a smooth 2-fold covering of Jac(C 10 ). As a result, I is an open subset of Prym(C 1 /E 1 ) in both cases: F 1 = 0 and F 1 = 0. Moreover, the proof of this statement equally holds for γ = 0. Thus we have Theorem 2.1. For general constants of motion, including F 1 = 0, the compactified 2-dimensional complex invariant manifoldÎ of the reduced Kovalevskaya gyrostat in one field is Prym(C 1 /E 1 ).
Next, when performing a linearization of the complex flow on Jac(C 10 ) in the case F 1 = 0, Bobenko, Reyman, and Semenov [10] observed that C 10 is not birationally equivalent to the Kovalevskaya curve (13) with γ = 0. A decade later Leprövost and Markushevich [29] proved that the Jacobians of both curves are isogeneous: Jac(K) is a 4-fold unramified covering of Jac(C 10 ), obtained by duplicating two of the 4 period vectors of Jac(C 10 ) (namely, by duplicating the Riemann period matrix of Jac(C 10 )). The curves C 10 , K themselves are related algebraically via the Richelot transformation, whose description can be found in [13, 29] .
Below in Section 4 we will see that the Richelot relation between C 10 , K becomes quite natural in the context of pencils of genus 3 curves and dual Prym varieties. This global construction described in the next section will also allow us to recover all the genus 2 curves that previously appeared in the linearization of the Kovalevskaya gyrostat in one and two force fields, as well as to construct new genus 2 curves of separation of variables.
Apart from the mentioned generalizations, there are also various deformations of the Kovalevskaya gyrostat obtained by modifications of the Poisson bracket, see e.g., [36] . We do not consider here the corresponding curves of separations.
We conclude the section with the following analog of Theorem 2.1 for the Kovalevskaya gyrostat in two fields. Proof. Let I C 2 ⊂ T * SO(3) be the complex 3-dimensional invariant manifold of the gyrostat in two fields obtained by fixing the independent constants of motion H, I 1 , I 2 and, therefore, the quotient spectral curve C 2 in (8).
Obviously, I C 2 is isomorphic to the complex isospectral manifold J C 2 , the set of all the matrix Laurent polynomials L(λ) of the form (3) having the same spectral curve S and its quotient C 2 . Consider the eigenvector map
defined in the following standard way: a matrix L(λ) ∈ J C 2 induces the eigenvector bundle P 2 → S:
We assume that the eigenvector ψ(p) is normalized: α, ψ(p) ≡ 1, for a certain α ∈ P 3 . This defines the divisor D of poles of ψ(P ) on S. For any choice of normalization, such divisors form an equivalence class {D}. For a base point p 0 ∈ S, the class defines a point
In Lemma 4.5 of [10] it was shown that under the time evolution of
Let G be the maximal subgroup of PGL 4 (C) which acts freely on J C 2 by conjugations and preserves the form of L(λ). For any g ∈ G, the M-images of L(λ) andL(λ) = gL(λ)g −1 coincide. Then the eigenvector map pushes down to
and, as was shown in e.g., [1, 7] , such a map is injective.
Now note that G must be a stabilizer of L 1 in (3), as well as of the constant 2 × 2 block 0 −γ γ 0 of L 0 . It also must preserve the symmetry of L −1 . Then, nesesarily, any element of G has the block form r 0 0 I , r ∈ SO(2, C), I = 1 0 0 1 .
Since both varieties
We now show that the action of G is generated by the action of SO(2, C) on T * SO(3) induced by (5) with τ ∈ C. In view of the expressions for g, h, l in terms of Euler angles and their time derivatives, (5) implies the transformation (g, h, l) → (g,h,l) with
The latter can be described as the conjugation
As a result, the action of G on J C 2 coincides with that of SO(2, C) on I C 2 . Then I C 2 /SO(2, C), which is the complex invariant manifold of the reduced gyrostat in 2 fields, is isomorphic to J C 2 /G, which, in turn, is isomorphic to an open subset of Prym(C 2 /E 2 ).
3 Dual (1,2)-Prym varieties, isogeneous hyperelliptic Jacobians, and dual pencils of genus 3 curves
We start this section with the description of the general form of genus 3 curves (over the field C) covering elliptic curves and the related Prym varieties.
Theorem 3.1. Let E be a generic elliptic curve in P 2 whose affine part in C 2 (x, y) is given by equation
1) Any 2-fold covering C → E ramified at 4 arbitrary chosen finite points
where g 3 (x) is a polynomial of degree at most 3 and α, β are constants such that
for a certain linear function ρ(x) (it is a constant if degree of g 3 (x) < 3 and α = 0).
2) For any divisor Q = {Q 1 , . . . , Q 4 } on E, the set Cov 2 E (Q) of 2-fold covers of E ramified exactly at Q consists of 2 2 = 4 birationally non-equivalent covering curves C.
The idea of the proof of item (1) of the theorem is due to A. Levin [30] . For reasons of brevity we do not give it here, just mention that the condition (16) says that on the curve E the meromorphic function w 2 has 4 simple zeros, one double zero (given by the zero of ρ(x)) and a pole of order 6. Multiple zeros or poles of w 2 of even order give singularities of C, which, after the regularization, do not contribute to branching of C → E. As a result this covering has precisely 4 ramification points.
Note that the quotient spectral curves C 1 , C 2 in (12), (8) have the structure (15) . The involution σ : (x, w) → (x, −w) on C extends to Jac(C), which then contains two Abelian subvarieties: the elliptic curve E itself and the 2-dimensional Prym variety denoted as Prym(C/E), the latter being anti-symmetric with respect to σ, whereas E is invariant. The complex subtori E, Prym(C/E) ⊂ Jac(C) intersect at 4 points, which are the half-periods of E.
As an Abelian variety, Prym(C/E) is a complex torus C 2 /Λ, with Λ being a lattice generated by 4 period vectors. In appropriate coordinates z 1 , z 2 in C 2 , its period matrix takes the form
The right half of Λ is the Riemann matrix τ = a b b c with Im τ > 0, and the diagonal of the left half indicates the polarization of Prym(C/E), namely (1,2). According to [6] , any 2-dimensional Abelian variety A with polarization (1,2) can be realized as the Prym variety of a covering C → E described in Theorem 3.1. Moreover, for a generic A there is a one-parametric family of 2-fold coverings C λ → E λ , in which both curves C and E depend on the parameter λ ∈ P (see also below).
It is also natural to consider the (1,2)-polarized variety Prym * (C/E) dual 3 to Prym(C/E), its period matrix can be written as
This matrix is obtained by dividing by 2 the 1st and 3rd period vectors of Λ and rescaling (z 1 , z 2 ) → (z 1 , z 2 /2) to get a Riemann matrix. Namely,
Note that, modulo the conformal equivalence, the dual to Prym * (C, σ) is again Prym(C, σ), and both varieties can be regarded as 4-fold coverings of each other.
Prym varieties and isogeneous Jacobians. As was mentioned in Section 6 of [19] , given an arbitrary (1,2)-polarized 2-dimensional Abelian variety A having the period matrix Λ as in (17) , there are several ways to obtain a principally polarized 2-dimensional Abelian variety (and therefore, the Jacobian of a genus 2 hyperelliptic curve) isogeneous to A. An obvious way is to divide the second period vector of Λ by 2, to get the period matrix (I, τ ), I = diag(1, 1). On the other hand, one can double the first period vector of Λ to obtain the matrix (2I, τ ). The latter defines a torus with polarization (2,2), which is conformally equivalent to a principally polarized variety with the period matrix I, 1 2 τ . There are others, less obvious, transformations which produce Jacobian varieties symplectically non-equivalent to the above ones (their explicit description is given in [19] , [15] ). There is, however, a very limited number of them.
Theorem 3.2 ( [19]
, [15] ). For a generic covering C → E described in Theorem 3.1 there are exactly 6 birationally non-equivalent genus 2 curves Γ 1 , Γ 2 , Γ 3 andΓ 1 ,Γ 2 ,Γ 3 such that Prym(C/E) is a 2-fold unramified covering of Jac(Γ 1 ), Jac(Γ 2 ), Jac(Γ 3 ), and Jac( Γ 1 ), Jac( Γ 2 ), Jac( Γ 3 ) are 2-fold unramified coverings of Prym(C/E). Next, Jac(Γ 1 ), Jac(Γ 2 ), Jac(Γ 3 ) are also 2 fold coverings of the dual variety Prym * (C/E), whereas the latter is a 2-fold covering of tori conformally equivalent to Jac( Γ 1 ), Jac( Γ 2 ), Jac( Γ 3 ) as depicted in the following diagram, where the arrows denote the corresponding 2:1 coverings and double arrows indicate 4-fold coverings:
Below we identify conformally equivalent Abelian varieties obtained one from another by duplication of all of the 4 periods. Under this convention, Prym(C/E) can be regarded as an 8-fold covering of any of Jac( Γ 1 ), Jac( Γ 2 ), Jac( Γ 3 ).
The Richelot correspondences. As was shown in [15] , the period matrices of some of the Jacobians "below" and "above" Prym(C, σ) are obtained from one another by doubling their Riemann matrix τ . Then, upon a proper ordering of the Jacobians, the above diagram can be accompanied with the following one
where arrows denote the duplication (I τ ) → (I 2τ )). Explicit relations between the Riemann matrices of the Jacobians are given in [15] . The corresponding curves Γ α , Γ β are related algebraically via the Richelot transformation (explicit formulas can be found in [13, 29] ). One should stress that such a transformation is only a correspondence: for example, Jac(Γ 1 ) is obtained by duplication of symplectically non-equivalent Riemann matrices of Jac(Γ 1 ) and Jac(Γ 2 ).
The case of two pairs of elliptic curves. As was noted in [19] , Theorem 3.2 does not completely hold in special cases when Prym(C/E) contains Abelian subtori. In particular, this happens when one of the associated curves in (19) sayΓ 3 , is a 2-fold covering of two elliptic curves E − , E + with normalized periods (1, τ − ), (1, τ + ) respectively. Then, according to the Weierstrass-Poincaré theory of reduction (see e.g., [9, 16] ), Jac(Γ 3 ) contains the curves E − , E + , although Jac(Γ 3 ) is not the direct product E − × E + , but there is 4-fold isogeny E + × E − 4:1 − −−− → Jac(Γ 3 ) . Then, according to [15] , Theorem 3.2 must be replaced by the following Proposition 3.3. Let Prym(C/E) be a 2-fold unramified covering of the direct product E − × E + . Then there are two non-equivalent genus 2 curvesΓ 2 ,Γ 3 , both being 2-fold ramified coverings of E − , E + , such that Jac( Γ 2 ), Jac( Γ 3 ) are 2-fold unramified coverings of Prym(C/E).
Next, Prym(C/E) is a 2-fold unramified coverings of Jacobians of other non-equivalent genus 2 curves Γ 1 , Γ 2 , both being 2-fold ramified coverings of elliptic curves E − , E + with normalized periods (1, 2τ − ), (1, τ + /2) respectively. Finally, the direct product E − × E + is a 2-fold unramified covering of Prym(C/E).
The relations between the genus 2 curves, their Jacobians, and the elliptic curves are described by the following diagrams (on the first one the arrows denote 4-fold coverings such that their inversions describe the Richelot transformations).
Here the products E − × E + , E − × E + replace Jac(Γ 1 ) and Jac(Γ 3 ) in diagrams (19) , (20) for the general case. We stress that, as above, all the Abelian varieties are considered modulo conformal equivalence. In this context, in view of their periods, the curves E + , E + are 2-fold unramified coverings of each other (the same for E − , E − ), and their equations are obtained from one another by the classical Landen transformation (see also Proposition 4.3 for details and references). Then E − × E + is a 4-fold covering of E − × E + and vice versa.
We will use Proposition 3.3 in Subsection 4.2 in the analysis of a particular case of linearization of the Kovalevskaya top on two elliptic curves.
In the sequel we will call the 2-dimensional variety Prym(C/E) generic, if it does not contain elliptic curves.
Dual pencils of genus ≤ 3 curves. Following [6] (see also [3] ), a generic torus Prym(C/E) carries a line bundle L defining polarization (1,2) and |L| gives a oneparametric family {K λ }, λ ∈ P of algebraic curves K λ ⊂ Prym(C/E) ⊂ Jac(C).
Geometrically, each curve K λ is the intersection Prym(C/E) ∩ Θ C,λ , where Θ C,λ ⊂ Jac(C) is an appropriate translation of the theta-divisor Θ C , the zero locus of the thetafunction of C. More precisely, following [32] , all Θ C,λ are translations of Θ C by vectors of E ∈ Jac(C).
A general curve of K λ is smooth of genus 3 and non-hyperelliptic. The family {K λ } is, in fact, a pencil of curves 4 whose base locus consists of 4 points q 1 , . . . , q 4 .
Next, the extended involution σ : Jac(C) → Jac(C) acts on Prym(C/E) ⊂ Jac(C) as a reflection having q 1 , . . . , q 4 and the 4 half-periods of E as fixed points. As was shown in [6] , for a generic smooth curve K λ , σ(K λ ) = K λ , and K λ /σ is an elliptic curve E λ . The latter is a member of a family {E λ } of generally elliptic curves, which, along with K λ , forms a family of 2-fold coverings K λ → E λ , all of them ramified at q 1 , . . . , q 4 .
Remarkably, all these coverings define the same Prym variety, denoted as Prym(K/E), which is dual to Prym(C/E). Then, as one may expect, the whole construction can be "reflected": there is a pencil of (generally smooth and non-hyperelliptic) genus 3 curves
λ ∈ P having 4 base points Q 1 , . . . , Q 4 , and a family of 2-fold coverings C λ → E λ , all ramified at Q 1 , . . . , Q 4 , and a general curve of E λ is elliptic. All these coverings lead to the same Prym variety Prym(C/E) dual to Prym(K/E). In this connection it is natural to refer to the pencils {C λ }, {K λ } as dual pencils.
A pencil {C λ } will be called generic if the corresponding variety Prym(C/E) is generic. In the case the dual pencil {K λ } and the variety Prym(K/E) are generic as well.
This beautiful purely algebraic geometric construction of Barth has been inspired by the work of Haine [17] on the complex geometry of the 4-dimensional integrable top. Yet, it would not be complete without important observations made by Horozov and van Moerbeke in [19] for the pencil {C λ } related to the tori of the Kovalevskaya top, although they hold for generic pencils as well. We summarize these results of [19] in form of the following theorem.
Theorem 3.4.
A generic pencil {C λ } of curves of genus ≤ 3 in Prym * (C/E) contains 6 hyperelliptic genus 3 curvesH 1 , . . . ,H 6 , which are 2-fold unramified coverings of genus 2 curves. Among the latter there are only 3 non-equivalent curves, and they are birationally equivalent toΓ 1 ,Γ 2 ,Γ 3 in Diagram (19) .
Next, {C λ } also contains 12 singular fibers S 1 , . . . , S 12 , which upon desingularization lead to curves of genus 2. The set of these 12 curves consists of 3 distinct groups of four equivalent curves, defining Γ 1 , Γ 2 , Γ 3 in (19) .
Respectively, the dual pencil {K λ } in Prym(C/E) contains 6 hyperelliptic genus 3 curves, which are 2-fold coverings of curves equivalent to Γ 1 , Γ 2 , Γ 3 , and 12 singular curves whose regularizations are birationally equivalent toΓ 1 ,Γ 2 ,Γ 3 .
Thus, once a family of curves in P 2 , equivalent to the curves C λ ⊂ Prym * (C/E), is known, one can calculate explicitly equations of all the genus 2 curves Γ α ,Γ β in Theorem 3.2.
For the Prym variety arising as the complex invariant torus of the classical Kovalevskaya top, such a family of curves was found in [19] , although without any relation with the quotient spectral curve C in (12).
Apparently, for a generic covering C → E described in Theorem 3.1 there is no general recipe of reconstruction of the families {C λ }, {K λ } in P 2 .
Remark 2. In some special cases of covering C → E (see Subsection 4.2) the dual pencil K λ ⊂ Prym(C/E) may contain a reducible curve K * being a union of two elliptic curves, say E − , E + , and Jac(K * ) is the direct product E − × E + . In the same case C λ ⊂ Prym * (C/E) may contain a hyperelliptic genus 3 curve C * , which is a 2-fold unramified covering of a genus 2 curve G, which, in turn, is 2-fold ramified covering of E − , E + .
There is a natural conjecture that this case corresponds to the situation described in Proposition 3.3, when the Jacobians of some of related genus 2 curves are replaced by direct products of elliptic curves, however we did not find a rigorous proof of this. Theorem 3.4 can be accompanied with following well-known property (see, e.g., [4] ): Proposition 3.5. Any hyperelliptic genus 3 curve which is also a 2-fold covering of an elliptic curve, can be written in form
It has two obvious commuting involutions
the first one having 4 fixed points, the second one no such points. Then S/σ 1 is the elliptic curve E :
, whereas S/σ 2 is the genus 2 curve Γ :
Jac(Γ) is a 2-fold unramified covering of Prym(S/E).
Note that the last statement is consistent with those of Theorems 3.4, 3.2.
Dual genus 3 curves. The last necessary ingredient is a simple scheme which, for a given genus 3 curve C ∈ C λ , allows to obtain a curve K ∈ K λ . Let, as above, C be a covering of the elliptic curve E as described in Theorem 3.1. Consider the tower of curves
where π, ι denote the corresponding coverings with branch points Q 1 , . . . Q 4 ∈ C and, respectively, P 1 , . . . , P 4 ∈ E. Now let K be another curve covering an elliptic curve E with the corresponding tower of 2-fold coverings
whereπ,ι are ramified atQ 1 , . . .Q 4 ∈ K, respectively,P 1 , . . . ,P 4 ∈ E. We now requirẽ
that is, x-coordinates of the branch loci of C → E (of E → P) coincide with x-coordinates of the branch loci of E → P (of K → E ).
For a given generic covering C → E, the above condition itself does not determine K uniquely: item 2) of Theorem 3.1 says that there are four non-equivalent curves K with the same branch points of K → E. We then choose the curve K in the form
or, equivalently, [
with the polynomials ρ(x), Ψ(x) specified in (16) . Observe that K is a 2-fold covering of the elliptic curve E : y 2 = (x − x 1 ) · · · (x − x 4 ), and the covering is ramified at 4 points with x = c 1 , c 2 , c 3 , ∞, which are the branch points of E → P. Thus the conditions (24) are satisfied. A similar transformation applied to K yields back the curve isomorphic to C in (15) .
The following theorem is a reformulation of the result obtained in Section 3 of [33] .
Theorem 3.6. For the curves C, K described by (15) , (25), the corresponding varieties Prym(C/E), Prym(K/E) are dual.
As a result, C ⊂ Prym(K/E), K ⊂ Prym(C/E) and, therefore, C ∈ {C λ }, K ∈ {K λ }.
It is natural to call the curves C, K dual, or following [33] , bigonally related, as the above construction is reminiscent (but not equivalent) to Donagi's tetragonal construction involving unramified coverings of curves 5 .
Curves of separation for the generalized Kovalevskaya gyrostat in one and two fields
We now apply the above construction of dual pencils to the curves arising in the reductions of the Kovalevskaya gyrostat.
Recall that, according to Theorems 2.1, 2.2, generic complex invariant manifolds of this system are open subsets of Prym(C/E), where the quotient spectral curve C and the underlying elliptic curve E have the properties of Theorem 3.1. If the system is linearized on the Jacobian of a genus 2 curve G (a curve of separation of variables), then Jac(G) is isogeneous to Prym(C/E). And, if the isogeny is of degree 2, then, according to Theorem 3.2, G must be equivalent to one of the genus 2 curves Γ α ,Γ α in diagram (19) . We intend to calculate some of these curves by using Theorem 3.4 without finding the family C λ ⊂ Prym * (C/E) explicitly.
The Kovalevskaya gyrostat in one field
As was already noticed, for a non-zero value of the area integral I 1 , the version C 1 of C in (12) is smooth and non-hyperelliptic (even for γ = 0). Observe however that, by the formula (25) , the dual to C 1 reads
For γ = 0, K 1 is again smooth, genus 3, and non-hyperelliptic, but for γ = 0 (the case of the classical Kovalevskaya top) the polynomial R 4 (x), defining the underlying elliptic curve E, has a double root x = 0, and K 1 becomes singular of geometric genus 2. By the birational transformation z = y 2 − 2x x 2 , w = 2y 2I 1 x 2 − 2x + y 2 x 2 it is send to the hyperelliptic form
Now one can easily observe that, under the substitution z = −2ξ, w = 4 √ −2 η, the above equation takes the form of the original Kovalevskaya curve K in (13) . As a result, we conclude: Modulo birational transformations, the Kovalevskaya curve of separation of variables is dual to the quotient genus 3 spectral curve of the Lax pair given in [10] .
Then, according to Theorems 3.4, 3.2, K is equivalent to one of the genus 2 curves Γ α in diagram (19) , and Jac(K) is a 2-fold covering of Prym(C/E), the compactified complex invariant manifoldÎ of the Kovalevskaya top. Equivalently,Î is an 8-fold covering of the torus conformally equivalent to Jac(K), as was previously shown in [19] without using the spectral curve C 1 .
The case γ = 0, I 1 = 0. The above configuration also holds for zero value of the area integral: the Kovalevskaya curve becomes
it is still smooth of genus 2, and its Jacobian is a 2-fold covering of I.
On the other hand, as was already noticed in [10] , in this case the quotient spectral curve C 1 is itself singular of genus 2 having the hyperelliptic form C 10 in (14) . Then, Theorem 3.4 implies that C 10 must be equivalent to one of the curves Γ α in (19) , and, by Theorems 2.1, 3.2, Prym(C 1 /E 1 ) ∼ =Î is a 2-fold covering of Jac(C 10 ).
Thus Jac(K 0 ) and Jac(C 10 ) are isogeneous, one is a 4-fold covering of another, so it is natural to expect that K, C 10 are connected via the Richelot transformation. And the authors of [29] showed that this indeed holds by presenting this transformation explicitly.
In this connection it is also worth mentioning another genus 3 curve B appearing in [26] as the spectral curve of a 2 × 2 Lax pair for the Kovalevskaya-Goryachev-Chaplygin top, under the condition I 1 = 0. As was shown in [31] , B can be transformed to the following hyperelliptic form in variables (u, v) 6
This curve has the structure (23) in Proposition 3.5, hence it is 2-fold covering of an elliptic curve E and of the genus 2 curve w 2 = z(z 2 − 2Hz + I 2 /4)(z 2 − 2Hz + I 2 /4 − 1), the latter being precisely the curve C 10 in (14) . Then Jac(C 10 ) is a 2-fold covering of Prym(B/E) and the following diagram of coverings holds (see also [31] )
The meaning of the constants is the same as above.
The case γ = 0, I 1 = 0. As in the previous case, the curve C 1 in (12) is singular of genus 2 whose hyperelliptic form is a slight generalization of (14), namely
Here we set H g = H + γ 2 /2, K g = I 2 − γ 4 . Then, following Theorem 3.4, C 10 can be identified with one of the curves Γ α in diagram (19) , and the invariant manifoldÎ is a 2-fold covering of Jac(C 10 ). Hence C 10 is a curve of separation of variables for the Kovalevskaya gyrostat on the level I 1 = 0. In the same case, the dual curve (26) remains to be smooth of genus 3 and nonhyperelliptic, so one cannot immediately apply Theorem 3.4 to find equations of one of the curves in diagram (19) . However, given a curve Γ α , to calculate one of the curves Γ α one can make use of the Richelot relations (20) , that is, to apply the Richelot transformation to the known curve C 10 . Omitting intermediate calculations, we present the result in the form
where ρ is the "simplest" root of the cubic polynomial in the equation of C 10 ,
and ν is a solution of the quadratic equation
It is a simple exercise to show that ρ → 0 as γ → 0 (and, therefore, H g → H, K g → I 2 ), then the equation of K γ reduces to w 2 = 2(s + H)(s 2 + 1 − K/4)(s 2 − K/4), which transforms to the Kovalevskaya curve K 0 for I 1 = 0 by the birational change w = √ 2 η, s = χ − H.
Thus, due to Theorem 3.2, we conclude that the Jacobian of K γ is a 2-fold unramified covering ofÎ ∼ = Prym(C 1 /E 1 ), or, equivalently, the latter is an 8-fold covering of the complex torus conformally equivalent to Jac(K γ ), hence the curve (27) is a separation curve for the gyrostat on the level I 1 = 0. This can be summarized in the diagram Jac(K γ )
The structure of K γ suggests that in the construction of a separation of variables for the Kovalevskaya gyrostat leading to a generalization of the curve K for γ = 0, one cannot avoid solving algebraic equations of degree ≥ 3.
There are numerous publications devoted to linearization of the Kovalevskaya gyrostat on the Jacobians of genus 2 curves, both for I 1 = 0 and I 1 = 0, see [?, 23, 25] , however we did not find there any explicit expression for a separation genus 2 curve.
For various deformations of the gyrostat, the Lax pairs and separation curves have been presented in [36] .
The general case γ = 0, I 1 = 0. As was already mentioned, in this case neither the original quotient spectral curve C 1 not its dual K 1 are singular or hyperelliptic, hence one cannot apply Theorem 3.4 to obtain the corresponding genus 2 curvesΓ, Γ in diagram (19) without knowing explicitly the pencil of genus 3 curves C λ ⊂ Prym * (C/E).
The gyrostat in two fields
Here, as above, we consider only the case |g| = |h| = 1, g, h = 0, the corresponding quotient spectral curve C 2 given in (9) . This situation is, in a sense, simpler than the previous one: as Maple command Weierstrassform shows, for generic constants of motion, C 2 is hyperelliptic of genus 3 and is equivalent tô
where, as above,
The birational transformation between (28) and (9) is described by
ThusĈ 2 has the structure of (23) , and, by Proposition 3.5, it is 2-fold covering of the elliptic curve Y 2 = R(z) (which is birationally equivalent to E 2 in (10), as expected) and of the genus 2 curve G = {w 2 = z R(z)}. According to Theorems 3.4, 3.2, G is equivalent to one of the curves Γ α in diagram (19) , and the following holds.
Proposition 4.1. The complex invariant torusÎ ∼ = Prym(C 2 /E 2 ) of the gyrostat in two fields is isogeneous to the Jacobian of G = {w 2 = zR(z)}, R(z) being specified in (29) . More precisely, Jac(G) is a 2-fold covering of Prym(C 2 /E 2 ) or, equivalently,Î is an 8-fold covering of the torus conformally equivalent to Jac(G).
Note that under the shift z = z − H g = z − H − γ 2 /2, the equation of G simplifies to
where we set L = H 2 − I 2 /4. It follows that the curve G can be a curve of separation of variables for the reduced Kovalevskaya gyrostat in two fields with general constants of motion. To our knowledge, an explicit linearization of this system is still an open problem. There are however several papers presenting linearizations for particular cases of motion.
In Section 3 of [21] , Harlamov and Yehia gave an explicit separation of variables for the case F 2 = −2γ, where, as above,
is the Hamiltonian of the SO(2)-symmetry. Following [21] , in this case the reduced Lagrangian of the problem (the Routh function) does not contain linear terms in velocities. Then the corresponding Hamilton function on T * S 2 has a Stäckel form, which ensures a separation of variables. The corresponding quadratures involve a genus 2 curve, which, for |g| = |h| = 1, in our notation, reads
Here one should mention that previously, in [11] , the Kovalevskaya gyrostat for F 2 = −2γ was shown to be isomorphic with Goryachev's particular case of integrability of the Kirchhoff equations ( [18] ), and the latter system had been reduced to quadratures, by different methods, in [37, 38, 35] . Now, observe that, in view of (6), the condition F 2 = −2γ implies I 1 = 2H. Substituting this into (30) and replacing z, w by z/2, w/2, we obtain the following equation of the curve G G :
Since Jac(G) is isogeneous to the invariant torusÎ, it can also be a curve of separation of variables for I 1 = 2H. An algorithm given in [20] allows to compare the absolute invariants of the curves (32), (31) in a numerical example, and the result indicates that the curves are not birationally equivalent. On the other hand, the structure of (32) is especially convenient to apply the Richelot transformation to it, which yields the following curvē
Under the trivial substitutionsZ = Z + 2H g ,W = 4W , the latter takes the form (31) . As a result, we have recovered the separation curve (31) of [21] for the case F 2 = −2γ from the quotient spectral curve C 2 .
Due to the Richelot relation between the curves G, G and according to diagram (20) , Jac(G) is a 4-fold covering Jac(G). Then Theorem 3.2 implies the following tower of unramified coverings Jac(G)
More curves of separation in particular cases of motion can be obtained by considering the curve dual to C 2 in (9), which reads
and it is 2-fold covering of the generally elliptic curve
It follows that Jac(K 2 ) is isomorphic to the direct product of two elliptic curves
This fact can be compared with the observation of [11, 40] that in the case F 2 = 0 the two field Kovalevskaya top has a certain analogy with Chaplygin's particular integrable case of the problem of motion of a body in a fluid [14] . The latter case reduces to quadratures which consist of two different elliptic integrals. And in Section 5 of [21] a similar reduction was made for the Kovalevskaya top: the corresponding quadratures involve the elliptic curves given by equations
One can check however that these curves are not equivalent to E ± in (37) . On the other hand, observe that under the same conditions γ = 0, F 2 = 0 the alternative genus 2 curve G 0 in (35) remains smooth and takes the form
Then Theorem 3.4 implies that Jac(G 00 ) is a 2-fold unramified covering of the complex invariant manifoldÎ. Upon setting again κ = √ I 2 the curve reads
One immediately sees that r 1 r 2 = ρ 1 ρ 2 = I 2 . This case corresponds to the simplest possible reduction of curves and Abelian functions studied by Jacobi and described in many books, see, e.g., [9, 22] .
Proposition 4.2 ([9]
). Under the condition r 1 r 2 = ρ 1 ρ 2 , the curve of the form (39) is a 2-fold ramified covering of two generally different elliptic curves 7
The Jacobian of G 00 contains E − , E + as Abelian subvarieties, which intersect at 4 points. Jac(G 00 ) is not the direct product E + ×E − , but isogeneous to it:
In view of (40), (r 1 − ρ 1 )(r 2 − ρ 1 ) = 16ρ 1 , hence in our case δ ± = (2H + 4 ∓ κ)/8, and, under the change λ = (X + 1)/2, µ = Y / √ 8, the curves E ± take the form
The latter coincide with the separation curves (38) obtained in [21] for the case γ = 0, F 2 = 0. The appearance of the direct product of curves E ± , the pair E ± , and of the double coverings E + ← −−− − G 00 − −−− → E − implies that the considered case is described by Proposition 3.3 and diagrams (21) : Jac(G 00 ) and the product E + × E − are (different) 2-fold unramified coverings of the complex invariant torusÎ, which, itself, is a 2-fold unramified covering of the direct product E + × E − .
Then, following Proposition 3.3, the elliptic curves E ± and E ± must be isogeneous. And, indeed, E + (respectively, E − ) is obtained from E + (respectively, E − ) by duplicating one of the two period vectors. The equations of the corresponding curves are obtained from each other by a second order transformation (also called Landen's transformation, see, e.g., [4] ), which can be described as follows.
Proposition 4.3 ([4]
). The equation of any double unramified covering of an elliptic curve E = {µ 2 = (λ − a 1 )(λ − a 2 )(λ − a 3 )} is given by regularizationÊ of the curve (λ, µ, z) ∈ E × P | µ 2 = (λ − a 1 )(λ − a 2 )(λ − a 3 ), z 2 = λ − a j λ − a i or z 2 = λ − a i , i, j = 1, 2, 3, i = j. For example,
, or, respectively, E = {w 2 = (z 2 + a i − a j )(z 2 + a i − a k )}, (i, j, k) = (1, 2, 3).
The coveringÊ → E is obtained by doubling the period As a result, the product E + × E − can be regarded as a 4-fold covering of E − × E + , and vice versa (if we identify conformally equivalent Abelian tori). And, as stated in Proposition 4.2, E − × E + is also a 4-fold covering of Jac(G 00 ). All the observations lead to the following diagram of coverings of Abelian varieties in the case γ = 0, F 2 = 0. According to Proposition 3.3, apart from the curves E ± , E ± , and G 00 there exist three other genus 2 curves: a curve G 00 , which is also a 2-fold covering of E − , E + , and two non-equivalent curves Γ 1 , Γ 2 , being such coverings of E − , E + (we do not present their equations here). All of them can be used as curves of separation in the considered special case, as their Jacobians are isogeneous to the complex invariant torusÎ.
We conclude by summarizing all the curves of this subsection, as well as the relations between them, in the following diagram where the arrows denote reductions to particular cases of motion or coverings, or the Richelot transformation, and the symbol indicates non-equivalence. 
Conclusion
From the spectral curve of the Lax pair of the Kovalevskaya gyrostat in one and two fields presented in [10] we managed to recover all known curves of separation of variables, including the original Kovalevskaya curve, and constructed new ones.
Naturally, the approach we used does not allow to make an explicit reduction of the systems to quadratures. However, the obtained separation curves can be used in analysis of bifurcations of complex invariant manifolds of the systems.
Next, the approach itself does not permit to reconstruct explicitly the whole pencil of genus 3 curves C λ ⊂ Prym * (C/E), which might be used to derive alternative genus 2 curves, whose Jacobians are degree 2 isogeneous to Prym(C/E), and which are depicted in diagram (19) .
Returning to the case of general configuration of the Kovalevskaya gyrostat in two fields, when the conditions |g| = |h| = 1, g, h = 0 do not hold, it is natural to conjecture that generic complexified invariant tori of the system are isomorphic to the 3-dimensional Prym variety P associated with the quotient genus 4 curve C in (4) covering an elliptic curve. Then an interesting open problem is to describe principally polarized Abelian tori isogeneous to P as Jacobians of genus 3 curves. The latter will serve as curves of separation of variables for this integrable system.
